ABSTRACT-Two types of acoustic nonlinearity parameters for solids are discussed. The results of measurements of these parameters for three polymers-PMMA, polystyrene, and poly sulfone-are presented. A recently developed technique, using piezoelectric transducers directly bonded to the specimens, allows the measurements of fundamental and second harmonics generated in the solids, and thereby the determination of nonlinearity parameter p3, which is the ratio of a linear combination of second-and third-order elastic coefficients to the second-order elastic coefficient. The second nonlinearity parameter, B/A is determined from the temperature and pressure derivatives of the sound velocity. The results from the two techniques are shown to be consistent. By using these nonlinearity parameters, the interchain interactions in polymeric solids and the characterization of polymers are discussed.
I. INTRODUCTION
A consideration of nonlinearity is essential for describing many important physical phenomena and processes in solids. Since nonlinearity accounts for various physical phenomena, there are, as well, various "nonlinearity parameters," defined according to their specific relationships with physical quantities in their respective conditions.
In this paper two types of acoustic nonlinearity parameters for solids are discussed. The nonlinearity parameter from harmonic generation, denoted P3 here, is a well-known and widely used physical constant for characterizing the nonlinear properties of solids [ 11. When a longitudinal, sinusoidal acoustic wave of a given fundamental frequency is traveling through a medium, its second and higher harmonics are generated. Measurements of the amplitudes of the fundamental and the second harmonic are used to obtain p3. In this research we use a new technique to measure the nonlinearity parameter. Recently Wu and Winfree [2] have developed a physical model of piezoelectric measurement system, which allows the measurements of the fundamental and the second harmonic displacements. The primary application of this technique in this research is for measuring the nonlinearity of polymers.
0090-5607/89/oooO-124 1 $1 .OO 0 1989 IEEE The second nonlinearity parameter, B/A, determined from the temperature and pressure dependence of the ultrasonic velocity, is widely used for characterizing fluids. However, for the case of solids, A relationship between B/A and the acoustic measurable quantities was not available. This has led to some confusion in the literature. We derive an exact relationship which, combined with acoustic measurements, gives results consistent with those from the first technique, thus resolving the confusion.
We present the results from two techniques for three investigated polymers-polymethyl methacrylate, polystyrene, and polysulfone. Finally we discuss these nonlinearity parameters for the characterization of interchain interactions in polymeric solids.
II. NONLINEAR THEORY OF SOLIDS

THE NONLINEAR EQUATION OF MOTION AND THE NONLINEARITY PARAMETER p3
The one-dimensional, nonlinear equation of motion for a longitudinal wave propagating in a an isotropic elastic solid can be written as [3] where x is the coordinate in the direction of propagation, U the displacement component. The nonlinearity of the solid is characterized by p3. which is defined by
where M2 is a linear combination of second-order elastic coefficients, and M3 a linear combination of second-and third-order coefficients. We now assume a steady driving term such that, for a semi-infinite solid at x = 0, U = Aog(t), where g(t) is typically a tone burst, defined to have a maximum amplitude of 1, A, is the displacement and c is the infinitesimal amplitude sound velocity with c2 = M2/p0. Eq. (1) can be solved by a method of iteration, i.e., successive approximations. Obviously the zeroth order solution has the form of a traveling wave, q,(x,t) = A&t -x/c). By substituting this into the quadratic term on the right-hand side of Eq. (l), the first order solution can be obtained as
The first term in the solution is referred to as the fundamental. The second term, which is the result of the nonlinearity of the solid, is generated by the fundamental and increases linearly as the wave propagates through the solid. It is convenient to convert the derivative in (3) into a time derivative for applying the equation to a real measurement. For any propagating function g(t -x/c), ag/ax = -(l/c)@g/dt). The solution (3), therefore, can be expressed as
The shape of the wave recorded as a function of time can be used then to infer the magnitude of the nonlinearity.
ANOTHER NONLINEARITY PARAMETER BIA
A considerable amount of work for the nonlinearity of fluids has been done [ 5 ] . The analysis of some cases can apply directly to the solids with an appropriate choice of the parameters. [6] For a nondissipative solid applied with an isotropic pressure, the one-dimensional, purely longitudinal equation of motion can be expressed as where and A = PO(aPl1aP)s. P' POY (7) are the coefficients of the Taylor expansion describing the relationship between the longitudinal stress p1 (E -Txx) and density p. BIA defines the nonlinearity of the solid. A comparison of this expression and the equation of motion (1) gives the relationship between this and the previously defined nonlinearity parameter as
P 3 =-(2+;)
For the case of zero shear modulus, i.e., fluids, B/A is simply the pressure derivative of the bulk modulus, and can be calculated from the pressure derivative of the ultrasonic velocity. However, for the case of solids, the relationship is no longer simply that. This has led to some confusion in the literature. In the following, we derive the exact relationship between B/A and thermoacoustic properties for solids.
parameter B/A can be expressed as By using A = V,(apl/aV),, v =~o = M2, The nonlinearity Note that in (9) there is a change in variable from specific volume V to isotropic pressure p for the derivative. Thereby B/A is related to the pressure dependence of the longitudinal modulus. For the bulk modulus Bs = -V(dp/&)s, Eq. (9) becomes Note that for the case of fluids (Bs = M2), Eq. (10) reduces to B/A = (aBs/%)s.
Through a thermodynamic transformation and substitution of ct/V for M2. BIA can be expressed as where c, is the longitudinal velocity, C, the specific heat at constant pressure, and Q = (alnV/aT),, the volume coefficient of expansion. Therefore, BIA for a solid is derivable from measurements of the pressure and the temperature coefficients of the acoustic velocity, and some thermal constants.
III. THE MEASUREMENTS OF P3
WITH PIEZOELECTRIC TRANSDUCERS Absolute displacement measurements are required to determine amplitudes of the fundamental and harmonic waves. conventionally such measurements are made by a capacitive detector. [7] Compared to a contact piezoelectric transducer, a capacitive detector requires considerably more sample preparation and has less sensitivity. In addition, when the specimen is a nonconducting material (like polymers), the static charge built on the surface makes the measurements of the capacitance ineffective, if not impossible, and invalidates the conversion of measured signals to absolute displacements It is possible to use a contact transducer for the displacement measurements if a model can be used to convert the output voltage of the transducer to the absolute displacement in the specimen. This requires a physical model which accounts for the electromechanical interaction of the transducer with an applied electric field, as well as the acoustic response of any intermediate layers.
Using Mason's equivalent circuit [8] and Sittig's model for transducers in a layered system [9, lo] , Wu and Winfree recently have developed such a model [2] , in which, the acoustic, dielectric and piezoelectric properties of the transducer, bond, and solid are considered. From these properties, the impulse response of the system is modeled and the input and output voltages are related to the amplitude of the ultrasonic wave.
We consider a plane wave propagating in the lossless transducer followed by a intermediate layer of bond and then a semi-infinite transmission medium. By analyzing Mason's equivalent circuits for all layers, the transformation matrix coupling the input voltage E and current i to the force F and particle velocity v of a transducer bonded to a solid can be writsen as
The explicit forms of the matrix elements are given in Ref. [2, 61. For an input pulse shorter than the twice the transient time in the transmission medium, there is no interference between the input and output transducers. Therefore, the transformation matrix for the receiving transducer can be obtained by exchanging A and D of (12). Using the expression u(w) = -jv(o)/o, the displacement is related to the output voltage of the receiving transducer, El by where L(w) is the Fourier transform of the impulse response of the receiver, R, the resistive part of the load impedance Z , , and Z, the acoustical impedance of the transmission medium. By evaluating the transformation matrix elements and the impedances, in other words, making a calibration for the measuring system, the amplitude of the fundamental and the second harmonic, and hence the nonlinearity parameter p3 can be calculated.
The experimental apparatus used to measure the fundamental and second harmonic is shown in the block diagram of Fig. 1 . A 5MHz lithium niobate longitudinal transducer was bonded to one side of the specimen, as a transmitter, and a lOMHz transducer to the other side, as a receiver of both the fundamental and the harmonic waves. For the measurement of the harmonic, the output of the loMHz transducer was filtered through an analog high pass filter before being digitized, then transferred to the minicomputer for off-line processing and storage. For the fundamental, signals were digitized without the filter. The measurement was repeated with several different drive amplitudes for each specimen.
After finishing each set of measurements, the load impedance of the receiver was determined for frequencies over the range of interest by using a impedance analyzer. Each set of impedances was recorded for use in later analysis.
The measured signal is a convolution of the ultrasonic wave with the impulse response of the detection system. The Fourier transform El(o) of the measured signal is deconvolved and the Fourier transform u(o) of the absolute amplitude of the ultrasonic wave is then obtained. Since the right hand side of the Eq.(13) has a pole for the frequency equal to zero, the Fourier transform is evaluated only over the frequency range of interest. The inverse transform of this result, u(t) is a time record of the ultrasonic displacement in the specimen.
IV. RESULTS
The nonlinearity parameter is calculated by using Eq. (4). The measured shape of the fundamental is used for f(t), giving the theoretical wave form of the second harmonic h(t) as
with the parameter p3 undetermined. To determine the value of p3, one can simply fit the Fourier transform of the measured second harmonic waveform by the Fourier transform of h(t) (in the frequency domain) with & as the only independent variable.
The magnitude of the nonlinearity parameter calculated directly from the measured waveforms is then corrected for attenuation as well as diffraction. The p3's from the averaged results of all samples measured for three polymers are shown in Table 1 Table 2 . (To determine the pressure coefficient of the velocity, one needs to know the isothermal compressibility h, which can be calculated from the adiabatic bulk modulus as PT = y/Bs, where y is obtained from the expression, y = 1 + a2VTBS/C,.) In Table 1 , the two nonlinearity parameters, p3 and B/A are compared. The results from the two methods agree with each other within the experimental uncertainty. For amorphous polymers, the nonlinearity depends on the structure of the chains as well. For example, the existence of chain folds can affect the local potential and therefore the nonlinearity. The probability of the chain-fold formation at glass transition is significantly different for various polymers [ 151. As shown in our results, PMMA has larger values of nonlinearity parameters, compared to the other two. A more tightly packed system with more chain folds might be more sensitive to the change of the spacing caused by external stimuli, such as applied stress, and therefore has greater nonlinearity. However, as considering the intermolecular potential, the real form of the potential should be even more complicated. The correlation between the nonlinearity parameter and the potential is not straightforward.
It is obvious that all the acoustic nonlinearity parameters for polymers are dominated by interchain interactions. While the details of the interaction are still obscure, these nonlinearity parameters may be basic tools for improving our understanding of the interactions in polymeric and other solids. This would be enhanced by measurements of these nonlinearity parameters in a more extensive range of temperature; particularly in the regions of transitions and other structure relaxation processes. Two methods for determining nonlinearity parameters are introduced in this work, one using contact transducers to measure harmonic generation, the other measuring the strain dependence of sound velocity. They can be complementary for various experimental conditions; and, if coupled to thermal expansion and heat capacity measurements, the nonlinearity measurements will provide useful information for the understanding of various phenomena and properties of polymers. 
